The phase stability of fcc and bcc magnetic binary Fe-Cr, Fe-Ni, Cr-Ni alloys and ternary Fe-CrNi alloys is investigated using a combination of density functional theory (DFT), Cluster Expansion (CE) and Magnetic Cluster Expansion (MCE). Energies, magnetic moments, and volumes of more than 500 alloy structures are evaluated using DFT, and the most stable magnetic configurations are compared with experimental data. Deviations from the Vegard law in fcc Fe-Cr-Ni alloys, associated with non-linear variation of atomic magnetic moments as functions of alloy composition, are observed. Accuracy of the CE model is assessed against the DFT data, where for ternary alloys the cross-validation error is smaller than 12 meV/atom. A set of cluster interaction parameters is defined for each alloy, where it is used for predicting new ordered alloy structures. Fcc Fe2CrNi phase with Cu2NiZn-like structure is predicted as the global ground state with the lowest chemical ordering temperature of 650K. DFT-based Monte Carlo (MC) simulations are used for assessing finite temperature fcc-bcc phase stability and order-disorder transitions in Fe-Cr-Ni alloys. Enthalpies of formation of ternary alloys calculated from MC simulations at 1600K combined with magnetic correction derived from MCE are in excellent agreement with experimental values measured at 1565K. Chemical order is analysed, as a function of temperature and composition, in terms of the WarrenCowley short-range order (SRO) parameters and effective chemical pairwise interactions. In addition to compositions close to the known binary intermetallic phases like CrNi2, FeNi, FeNi3 and FeNi8, pronounced chemical order is found in fcc alloys near the centre of the ternary alloy composition triangle. The SRO parameter characterizing pairs of Fe and Ni atoms decreases as a function of Cr concentration. The calculated SRO parameters are compared to the available experimental data on binary and ternary alloys, and good agreement is found. Finite temperature magnetic properties of fcc Fe-Cr-Ni alloys are investigated using an MCE Hamiltonian constructed using a DFT database of energies and magnetic moments. MCE simulations show that ordered ternary Fe2CrNi alloy phase remains magnetic up to fairly high temperatures due to anti-ferromagnetic coupling between (Fe,Ni) and Cr atoms in the ternary Fe-Cr-Ni matrix.
I. INTRODUCTION
Fe-Cr-Ni alloys are one of the most studied ternary alloy systems. Their significance stems from the fact that they form the basis for many types of austenitic, ferritic and martensitic steels. Ternary Fe-Cr-Ni and binary Fe-Cr, Fe-Ni and Ni-Cr alloys exhibit diverse magnetic, thermodynamic and mechanical properties, which make them suitable for a variety of applications. The alloy family includes several outstanding examples, like Invar 1 and Permalloy 2 . Fe-Cr-Ni based steels, including austenitic 304 and 316 steels, are widely used as structural materials for light water and fast breeder fission reactors 3,4 . Inconel alloys X-750 and 718 are used in reactor core components 5 . Fe-Cr-based steels F82H and Eurofer are among candidate structural materials for tritium breeding blankets of fusion reactors 6 . Since the stability of materials in extreme conditions is affected by many factors, extensive and accurate knowledge of how materials respond to temperature and irradiation over prolonged periods of time is required. The selection of optimal alloy compositions is therefore one of the objectives of fission and fusion materials research. For example, it is known that bcc alloys, like V-Cr-Ti alloys or ferritic steels, exhibit good resistance to radiation swelling. On the other hand, even in fcc Fe 85−x Cr 15 Ni x (x=15, 20, 25, 30) alloys irradiated up to 6 dpa, voids still do not form above 350
• C if the concentration of Ni is close to 30%
7 . Because of the broad range of applications of Fe-Cr-Ni alloys, their phase diagram has been extensively assessed from the thermodynamic perspective. Microstructure of Fe-Cr-Ni steels is well described by the Schaeffler diagram 8 . The phase composition of steels can be controlled by varying Cr and Ni content, since chromium is a ferrite (bcc phase) stabilizer and nickel is an austenite (fcc phase) stabiliser. A thermodynamic model for Fe-Cr-Ni alloys has been developed using the CALPHAD methodology, which is based on interpolation of elevated temperature experimental data [9] [10] [11] . Because of the relatively slow kinetics of relaxation towards equilibrium at low temperatures, experimental information about the low temperature part of the phase diagram is limited. This information can instead be derived from ab initio density functional theory (DFT) simulations 12 , as it was recently done for binary Fe-Ni alloys in Ref. 13 . A recent revision of Fe-Cr-Ni CALPHAD phase diagram is given in Ref. 14, where both magnetic and chemical ordering temperatures of binary Fe-Ni alloys were extrapolated to ternary alloys.
There have been only a few DFT studies of Fe-Cr-Ni ternary alloys. Properties of the alloys in the dilute Cr and Ni limit were analyzed in Refs. 15 and 16 . Coherent potential approximation (CPA) was used by the authors of Refs. [17] [18] [19] . Recently 20 , special quasi-random structures (SQS) 21 were employed to investigate point defects in fcc Fe 70 Cr 20 Ni 10 alloys. In all these studies, Fe-Cr-Ni alloys were assumed to be fully chemically disordered. This assumption is in fact too strong and often unrealistic, since there is direct experimental evidence showing that short-range order is present in many Fe-Cr-Ni alloys [22] [23] [24] . Whilst chemical SRO is naturally expected for ternary alloy compositions close to the known binary intermetallic phases, for example FeNi 3 , FeNi and CrNi 2 , SRO in FeNi 3 alloyed with Cr is found to decrease rapidly as a function of Cr content 25 . Unexpectedly, significant degree of chemical order is observed in alloys with compositions very different from that of binary intermetallic phases, for example in Fe 56 24 . Chemical order in alloys, and properties of ordered alloys, can be analysed using a combination of first-principles calculations and statistical mechanics simulations based on a generalization of the Ising alloy model. In the Cluster Expansion (CE) model, the energy of an alloy is represented by a series expansion in the cluster functions, and the resulting expression has the form of a generalized Ising Hamiltonian containing several coupling parameters known as effective cluster interactions (ECIs) 26 . Various methods have been developed to compute ECIs from first principles. The most often used is the structure inversion method (SIM), based on the Connolly-Williams approximation 27 , and the coherent potential approximation used in combination with generalized perturbation method (CPA-GPM). In the CPA-GPM scheme, random alloy is constructed by considering average occupancies of lattice sites by atoms of alloy components, where the coupling parameters are computed using a perturbation approach 28 . In SIM, energies of ordered structures are computed using DFT, and then ECIs are obtained through least-squares fitting. Both techniques have been successfully applied to binary alloy sub-systems of Fe-Cr-Ni [28] [29] [30] [31] [32] [33] [34] [35] , but they have not been applied to the ternary Fe-Cr-Ni alloys themselves.
In this work we use SIM, since the accuracy of ECIs is primarily controlled by the approximations involved in ab initio calculations of energies of input structures, and by the cross-validation error between DFT and CE. The last but not least critical issue to consider is the variety of magnetic configurations characterizing fcc and bcc Fe-Cr-Ni alloys. For example, fcc Fe 80−x Ni x Cr 20 alloys (10 < x < 30) exhibit ferromagnetic, anti-ferromagnetic, or spin-glass magnetic order, or a mixture of the above 36 . To find the most stable atomic structures needed for parametrizing the CE model, many magnetic configurations were investigated and compared. Variation of magnetic properties as functions of alloy composition was investigated, including the magneto-volume effects in Fe-Cr-Ni alloys.
Effective cluster interaction parameters, obtained by mapping DFT energies of stable collinear magnetic configurations to CE, are used in quasi-canonical Monte Carlo simulations. Here we investigate phase stability and chemical order in fcc and bcc Fe-Cr-Ni alloys at finite temperatures and generate representative alloy structures for future DFT analysis of radiation defects in alloys. We also analyze magnetic properties of Fe-Cr-Ni alloys at low and high temperatures using Magnetic Cluster Expansion-based Monte Carlo simulations.
The structure of the paper is as follows. In Section II, we describe CE formalism for multi-component alloys, focusing on ternary alloy systems, and derive short range order parameters from the cluster functions. In Section III we analyze phase stability and magnetic properties of structures obtained using DFT at 0 K. Phase stability and chemical order in alloys at finite temperatures are investigated using quasi-canonical Monte Carlo simulations in Section IV. Finite-temperature magnetic properties are explored by Magnetic Cluster Expansion simulations in Sections V. We conclude in Section VI.
II. COMPUTATIONAL METHODOLOGY A. Cluster expansion formalism for ternary alloys
Phase stability of ternary alloys can be investigated using a combination of quantum-mechanical density-functional theory (DFT) calculations and lattice statistical mechanics simulations. The enthalpy of mixing of an alloy, which can be evaluated using DFT, is defined as 
where c A , c B and c C are the average concentrations of components A, B and C. E lat tot are the total energies of relevant structures defined on a chosen crystal lattice. Superscript lat denotes the chosen lattice type: face-centred cubic, fcc or body-centred cubic, bcc. An atomic alloy configuration is specified by a vector of configurational variables σ.
Within cluster expansion (CE) the configurational enthalpy of mixing of a ternary alloy is
where summation is performed over all the clusters ω that are distinct under group symmetry operations of the underlying lattice, m lat ω are multiplicities indicating the number of clusters equivalent to ω by symmetry (divided by the number of lattice sites), Γ ω ′ ( σ) are the cluster functions defined as products of functions of occupation variables on a specific cluster ω averaged over all the clusters ω ′ that are equivalent by symmetry to cluster ω. J ω are the concentration-independent effective cluster interaction (ECI) parameters, derived from a set of ab-initio calculations using the structure inversion method 27 . Cluster ω is defined by its size (number of lattice points) |ω|, and the relative position of points. Coordinates of points in each cluster considered here for fcc and bcc lattices are listed in Table I . For clarity, each cluster ω is described by two parameters (|ω|, n), where |ω| is the cluster size and n is a label, defined in Table I .
In binary alloys, lattice site occupation variables are usually defined as σ i = ±1, where σ shows if site i is occupied by an atom of type A (σ i = +1) or B (σ i = −1). In this case the cluster function is defined as a product of occupation variables over all the sites included in cluster ω
In K-component systems, a cluster function is not a simple product of occupation variables, and is instead defined as a product of orthogonal point functions γ ji,K (σ i ),
where sequence (s) = (j 1 j 2 . . . j |ω| ) is the decoration 38 of cluster by point functions. All the decorations of clusters, which are not symmetry-equivalent for fcc and/or bcc ternary alloys, are presented in Table I together with their multiplicities m (s) |ω|,n and effective cluster interactions J (s) |ω|,n . The number of possible decorations of clusters by non-zero point functions is a permutation with repetitions, (K − 1) |ω| . Effective cluster interactions for those clusters are given in Table I only once, together with the corresponding multiplicity factor m |ω|,n . In ternary alloys, occupation variables and point functions can be defined in different ways. For example, in Ref. 26 and 39 occupation variables are defined as σ i = −1, 0, +1 and point functions as: γ 0,3 = 1 (for the zero cluster), γ 1,3 (σ i ) = 3 2 σ i , and γ 2,3 (
In this work, occupation variables and point functions are defined as in Ref. 37 , making it possible to use the same formulae as for a K-component system
if j > 0 and even, (5) where σ i = 0, 1, 2, . . . , (K − 1), j is the index of point functions (j = 0, 1, 2, . . . , (K −1)), and ⌈ j 2 ⌉ denotes an operation where we take the integer plus one value of a non-integer number, for example ⌈2.5⌉ = 3. In ternary alloys, index K equals 3, and in what follows it will be dropped to simplify notations. Occupation variables are now defined as σ = 0, 1, 2, indicating the constituting components of the alloy A, B and C, which here correspond to Fe, Cr, and Ni, respectively.
The enthalpy of mixing (Eq. 2) of a ternary alloy on a lattice can now be written as
. . .
The relevant expressions for fcc and bcc alloys differ because of different multiplicity factors, m
|ω|,n , given in Table I . Configuration averages Γ (s) |ω|,n ( σ) in Eq. 6 can be expressed in terms of point, pair and multi-body probabilities. An average point correlation function can be calculated using the formula
where k = 0, 1, 2, p (k) are site-occupation operators counting the number of sites occupied by the same atom type 40 . Average values of site-occupation operators p (k) = c k are the concentrations c A , c B and c C , respectively, and T ij are the elements of point probability matrix that are given, via Eq. 5, by
The three average point functions are therefore
Similarly to Eq. 7, the average cluster functions for pair clusters (n-th nearest neighbours) are linear functions of the average pair probabilities. They are given by
where T ih and T jk are elements of the point probability matrix (Eq. 8), and y hk n is the temperature dependent probability of finding atom h near atom k in the n-th nearest neighbour coordination shell, given by
Here α hk n is the Warren-Cowley short-range parameter for atoms h and k in the n-th neighbour shell, defined as the deviation from the fully random distribution of atoms in the alloy. Average cluster functions for the three pairs of non-equivalent atoms are therefore
Rewriting Eq. 6 in terms of average point and pair functions given by Eqs. 9 and 12, respectively, we arrive at that the configurational enthalpy of mixing for a ternary alloy can now be expressed as a function of concentrations c i , and average pair probabilities y ij n , namely
2,n J 
Detailed expressions, with analytic formulae, for the average cluster functions of 3-body clusters as well as for the enthalpy of mixing represented as a function of average triple probabilities y ijk n , are given in Appendix A. 
Summation in the above equation is performed over all possible configurations and ρ
0 is a normalization constant chosen to satisfy the orthonormality criterion for cluster functions Γ (s) 2,n . Effective cluster interactions in ternary alloys for pairs of non-zero point functions with indices (11), (12) , (21) and (22) can now be written as
where energies E 
Like in a binary alloy case, chemical pairwise interactions V ij n have a simple meaning: V ij n > 0 corresponds to attraction and V ij n < 0 to repulsion between atoms i and j. These interactions will be used in the analysis of SRO in Fe-Cr-Ni ternary alloys in Section IV.C. With Eq. 13 expressed in terms of chemical pairwise interactions, the configurational enthalpy of mixing of a ternary alloy is given by
The degree of SRO between atoms i and j in the n-th nearest neighbour shell in both binary and ternary alloys can be described using the Warren-Cowley parameters α ij n used in Eq. 11
Here n is a coordination sphere index, c i and c j are the concentrations of i's and j's atoms, respectively, and P i−j n = y ij n /c i is the conditional probability of finding atom i in the n-th coordination sphere of atom j, see for example Ref 42 . Like in the binary alloy case, α ij n vanishes if P i−j n = c j , meaning that there is no preference for a given atom to be surrounded by atoms of any other type (an ideal solid solution). Segregation gives rise to positive α ij n , whereas negative values indicate ordering. If at low concentration of atoms j each atom j is surrounded by i atoms only (P i−j n = 1) then α ij n takes its lowest possible value α ij n,min = −(1 − c i )/c i . SRO parameters can be expressed in terms of average point and pair correlation functions. Inverting Eqs. 8, 10 and Eq. 20, analytic formulae for SRO parameters in a ternary alloy acquire the form
Since both point and pair correlation functions are generated by the ATAT package 43 used in the present study, the SRO parameters of ternary alloys are going to be calculated using Eq. 21.
C. Computational details
DFT calculations were performed using the projector augmented wave (PAW) method implemented in VASP 44, 45 . Exchange and correlation were treated in the generalized gradient approximation GGA-PBE 46 47 of k-points in the Brillouin zone, with k-mesh spacing of 0.2Å −1 . This corresponds to 14×14×14 or 12×12×12 k-point meshes for a two-atom bcc cubic cell or a four-atom fcc cubic cell, respectively. The plane wave cut-off energy used in the calculations was 400 eV. Total energy convergence criterion was set to 10 −6 eV/cell and force components were relaxed to 10 −3 eV/Å. Mapping of DFT energies to CE was performed using the ATAT package 43 . In order to find CE parameters for binary fcc alloys we used the database of 28 structures from 49 . To our knowledge, no database of structures of bcc ternary alloys is presently available. We constructed input ternary bcc structures using binary structures of Ref. 30 as a starting point. The symmetry and the number of non-equivalent positions (NEPs) in each structure was checked, and structures for which the number of NEPs was greater than two were included into the ternary bcc structure database. The resulting input database for bcc ternary alloys consists of 94 structures. These structures are described in detail in Appendix B.
Most of the collinear spin-polarized DFT calculations were performed assuming that the initial magnetic moments of Fe, Cr and Ni atoms were +3, -1 and +1 µ B , respectively. Since magnetic properties of Fe-Cr-Ni alloys are very complex in comparison with the corresponding binary alloy sub-systems, full relaxations starting with different initial magnetic configurations were performed in order to find the most stable magnetic order characterising a given structure. Such an investigation was especially critical for fcc Fe-rich structures, where the energies of competing magnetic configurations are very close.
Initial values of ECIs, derived by mapping to CE the DFT energies computed for the most stable magnetic configurations of input structures, served as a starting point for further refinement of CE parameters, which was achieved by generating new structures. The complexity of magnetic properties of Fe-Cr-Ni alloys made it impossible to perform refining fully automatically, like in the case of non-magnetic alloys. For example, the above choice of initial values of magnetic moments did not always lead to the most stable magnetic configurations. Hence results had to be filtered as was proposed in Ref. 33 . For Fe-Cr-Ni alloys it meant that some of the structures had to be recalculated assuming an alternative initial magnetic configuration or, in a few extreme cases, the less stable structures had to be eliminated if their energies proved difficult to fit to a consistent set of ECIs.
Despite the fact that fully automatic refinement of CE parameters was not possible, reasonable values of crossvalidation (CV) error between DFT and CE formation enthalpies were achieved, proving that the final set of ECI describes interatomic interactions in Fe-Cr-Ni system reasonably well. A detailed description of ECIs, the number of structures used in the fitting, and CV error between DFT and CE results is given in Section III.
Quasi-canonical MC simulations were performed using the ATAT package 43 . Most of the simulations were performed using a cell containing 8000 atoms in the form of 20×20×20 primitive fcc or bcc unit cells. For each composition, simulations were performed starting from a disordered high-temperature state (usually T = 2500 K) and the system was then cooled down with the temperature step of ∆T = 100K, with 5000 Monte Carlo steps per atom at both thermalization and accumulation stages. Test were conducted with 3000 and 5000 Monte Carlo steps at each of these stages. Since the results were not significantly different, the number of steps was not increased further.
A database of enthalpies of mixing and magnetic moments of ternary fcc Fe-Cr-Ni structures derived from DFT and used for fitting the Magnetic Cluster Expansion Hamiltonian (see Section V) is given in Supplementary Material Part 1.
III. PHASE STABILITY AND MAGNETIC PROPERTIES AT 0 K A. Pure Elements
Magnetism of Fe-Cr-Ni alloys gives rise to several structural and magnetic instabilities. This effect is well known in pure iron. Ab initio analysis of structural and magnetic phase stability of iron was performed in Refs. 50 and 51. Our calculations confirm that the most stable Fe phase at 0 K is ferromagnetic (FM) bcc. Anti-ferromagnetic single layer (AFMSL) and anti-ferromagnetic double layer (AFMDL) fcc structures are more stable than the highspin (HS) and low-spin (LS) ferromagnetic configurations. We extend analysis of anti-ferromagnetism in iron to the anti-ferromagnetic triple layer (AFMTL) fcc and bcc structure. We predict that fcc-Fe AFMTL has the same energy per atom as fcc-Fe AFMDL but they have significantly different volumes, see Table II . Bcc Fe AFMTL structure of iron is more stable than bcc Fe AFMSL and bcc Fe AFMDL, but it is still less stable than bcc Fe FM.
DFT calculations confirm that the most stable collinear magnetic Cr and Ni phases at 0 K are anti-ferromagnetic bcc and ferromagnetic fcc. Ferromagnetic bcc Ni and non-magnetic fcc Cr are 0.096 eV/atom and 0.405 eV/atom less stable than fcc Ni and bcc Cr, respectively.
Since the ground states of Fe, Cr and Ni belong to different crystal lattices, the phase stability of Fe-Cr-Ni alloys and binary sub-systems is analyzed in terms of their enthalpy of formation, defined as the energy of the alloy, calculated at zero pressure, with respect to the energies of ferromagnetic bcc-Fe, ferromagnetic fcc-Ni, and anti-ferromagnetic bcc-Cr. To investigate the properties of alloys on fcc and bcc crystal lattices, stabilities of fcc and bcc alloys are also analyzed in terms of their enthalpy of mixing, defined as the energy of an alloy with respect to the energies of fcc or bcc structures of pure elements, where the choice of bcc or fcc depends on the choice of the crystal structure of the alloy under consideration.
B. Fe-Ni binary alloys
There is extensive literature on models for Fe-Ni alloys, see for example Refs. 33, 34, 58-63. Recently 64 , we used a DFT database to investigate magnetic properties of Fe-Ni alloys by parameterizing Magnetic Cluster Expansion. In this sub-section, we compare our DFT results with previous experimental and theoretical studies, focusing on the stability of magnetic configurations and equilibrium volume of alloy structures.
Our results agree with the assertion, derived from simulations 33, 58, 59 and experiments 65, 66 , that fcc FeNi (L1 0 ), FeNi 3 (L1 2 ) and In Ref. 33 the AFMDL configuration of fcc FeNi alloys was not investigated, despite the fact that AFMDL represents the most stable magnetic configuration of fcc-Fe, see our Table II and Refs. 15, 50, and 51. In relation to the AFMDL structure of fcc FeNi, the Z1 Fe 3 Ni structure 68 is not the ground state, instead another fcc ground state, Fe 3 Ni 2 with I4/mmm symmetry, is predicted by CE, see Fig. 1(a) . None of the AFM fcc structures are the actual ground states, however the energies of fcc Fe 5 Ni AFMTL, ferri-magnetic fcc Fe 5 Ni, and fcc Fe 4 Ni AFMTL, are fairly close to the bottom of the zero temperature phase stability curve, and hence may affect the finite temperature stability of fcc alloys.
Our CE calculations also predict two bcc ground states, Fe 4 Ni 5 (VZn-like 30 ) and FeNi 5 (of Cmmm symmetry) that are still less stable than fcc structures of similar compositions, see Figs. 1(b) and 5. Fe 4 Ni 5 (VZn-like) bcc structure has the lowest energy in both DFT and CE simulations.
Enthalpies of mixing of fcc and bcc Fe-Ni structures calculated using DFT and CE are compared in Fig. 1(a,b) . To remain consistent with the choice of other binary alloys Fe-Cr and Ni-Cr, we used the same sets of cluster interaction TABLE II. Volume per atom V , energy with respect to the energy of the ground state, E − EGS, and the size of magnetic moments per atom |mtot|, computed for various structures of pure elements and compared with experimental data. parameters, namely five two-body, three three-body, two four-body, one five-body clusters, for fcc binary alloys and five two-body, two three-body, one four-body, one five-body clusters for the corresponding bcc alloys. A set of ECIs obtained by mapping energies of structures from DFT to CE is given in Fig. 4 and Table VIII in Appendix. The cross-validation errors between DFT and CE are 8.1 and 10.9 meV/atom for fcc and bcc Fe-Ni alloys, respectively. The magnitude and sign of ECIs explain the behaviour of fcc and bcc Fe-Ni alloys found in simulations. In fcc alloys the first and third nearest neighbour (1NN and 3NN) pair interactions are positive whereas the second nearest neighbour (2NN) interaction is negative. In binary alloys, from Eqs. 2 and 3, this favours having the unlike atoms occupying the first and third neighbour coordination shell, and the like atoms occupying the second neighbour shell. On fcc lattice this favours the formation of the L1 2 intermetallic phase, which is the ground state of fcc Fe-Ni alloy. In bcc alloys the 1NN Fe-Ni pair interaction is negative, indicating repulsive interaction between the unlike atoms in the first neighbour shell. The 2NN pair interaction is positive and similar in its magnitude to the 1st ECI. As a result, bcc Fe-Ni alloys exhibit several intermetallic phases with negative enthalpies of mixing.
Atomic volumes of fcc and bcc alloys shown in Fig. 1 (c,d) are not linear functions of Ni content. This non-linearity stems from the difference between atomic sizes of Fe and Ni and magnetism, see Fig. 1 (e,f). Bcc alloys with low Ni content have larger volume per atom than pure Fe, despite the fact that Ni atoms have smaller size. This is correlated with the fact that Fe 15 Ni structure has the largest average atomic magnetic moment, 2.31 µ B . In fcc Fe-Ni alloy the non-linearity of atomic volume as a function of Ni content is even more pronounced, since alloys with Ni content lower than 25% exhibit anti-ferromagnetic interaction between Fe and Ni, resulting in the higher atomic density than ferromagnetically ordered alloys. Experimental measurements 57 show that the atomic volume is maximum for Fe-Ni alloys with ∼ 37 at. % Ni. This is also related to the fact that Fe 3 Ni 2 intermetallic phase has the largest volume per atom, see Fig.1(c) . There are several structures with smaller Ni content that are ferromagnetically ordered at 0K and have larger volumes per atom than Fe 3 Ni 2 . Those structures are metastable, and alloys with Ni concentration below 40 at. % Ni are mixtures of ferromagnetic Fe 3 Ni 2 , anti-ferromagnetic Fe, and metastable ferromagnetic and antiferromagnetic alloy phases. Near 25 at. % Ni concentration the most stable magnetic configurations are ferromagnetic, however the energy difference between them and anti-ferromagnetic phases characterized by smaller volumes is fairly small. In particular, the most stable structure corresponding to 33 at. % Ni is the ferromagnetic β-phase 33 where the enthalpy of mixing is -0.070 eV/atom and the atomic volume is 11.47Å 3 per atom. The AFMTL structure is 0.023 eV/atom less stable, and has the atomic volume of 11.39Å 3 , whereas AFMSL is 0.039 eV/atom less stable than FM and has the volume of 11.24Å 3 per atom. Coexistence of structures with different magnetic order and different atomic volumes but similar energies explains the Invar effect 69 .
C. Fe-Cr binary alloys
The extensive theoretical [30] [31] [32] [70] [71] [72] [73] [74] [75] [76] and experimental 77 investigations show that bcc Fe-Cr alloys at low Cr concentration form intermetallic phases with the most stable structures containing between 6.25 and 7.41 at. % Cr 30, 76 . Our calculations shown in Fig. 2(b Comparison between enthalpies of mixing of fcc and bcc Fe-Cr alloys calculated using DFT and CE is shown in Figs. 2(a) and 2(b). A full set of ECIs derived by mapping DFT energies to CE is given in Fig. 4(c,d) and Table VIII in Appendix C. The cross-validation error between DFT and CE is 11.3 and 10.6 meV/atom for fcc and bcc Fe-Cr alloys, respectively. Similarly to fcc Fe-Ni alloys, the first and third nearest neighbour (1NN and 3NN) pair interactions are positive and the second nearest neighbour (2NN) interaction is negative, favouring the L1 2 intermetallic phase, which is also the ground state of fcc Fe-Cr alloy. The 1NN pair interaction in bcc Fe-Cr alloys is negative, like in bcc Fe-Ni alloys, implying repulsive interaction between the unlike atoms in the first nearest neighbour coordination shell. ECIs of bcc Fe-Cr were previously analysed in Ref. 32 . Despite the fact that our DFT calculations were performed using a different set of clusters, our results are in agreement with Ref. 32 in that the dominant negative 1NN pair interaction and positive fifth nearest neighbour pair interaction together give rise to the formation of Fe -6.25 at.% Cr α-phase.
Atomic volumes of bcc Fe-Cr alloys in a broad range of alloy compositions are nearly constant, with some small variation in the range of 0.3Å 3 per atom, see Fig.2(d) . There are two exceptions to this rule. Volume per atom of pure Cr and Cr-rich alloys decreases as a function of Fe content. This can be explained by the fact that Fe impurities influence anti-ferromagnetic order in pure Cr, reducing the magnitude of magnetic moments and the strength of magnetic interactions, see Fig. 2(f) . This also affects the atomic volume. In Fe-rich alloys, atomic volume increases linearly with Cr content, reaching maximum of 11.50Å
3 per atom at 8.33 at. % Cr. The latter confirms previous theoretical predictions obtained using CPA and SQS methods 74, 75 that show a local maximum of atomic volume (lattice parameter) of random bcc Fe-Cr alloys at approximately 10 at. % Cr. These theoretical predictions are in agreement with experimental data 78 , where the observed deviation from Vegard's law is the largest at ∼ 10 at. % Cr . This phenomenon is probably caused by magneto-volume coupling and strong anti-ferromagnetic interaction between Fe and Cr atoms. At low density magnetic moments are larger and the energy of atomic structure is lower, hence Cr impurities in Fe tend to increase volume per atom in the α-phase. The increase is almost linear in Cr content until a critical concentration is reached and Cr starts segregating.
At variance with DFT analysis of ordered structures performed here, and studies of random alloys 74, 75 , the experimentally measured atomic volume in alloys with Cr concentration larger than 10 % continues to increase linearly towards the pure Cr limit. The discrepancy is caused by the fact that neither the ordered structures treated here nor the random alloys investigated in Refs. 74 Magnetic moments of Fe and Cr atoms as well as the average magnetic moment of ordered bcc Fe-Cr structures are similar to those predicted for random alloys in Refs. 29 and 74. They agree well with the available experimental data [79] [80] [81] .
D. Cr-Ni binary system
Both DFT and CE simulations of fcc Cr-Ni alloys were performed in Ref. 59 . Our analysis confirms the conclusion, derived from simulations and experiment, that there is only one globally stable ground state of the alloy, realized on the CrNi 2 (MoPt 2 -like) ordered structure. We find further five fcc ground states: Cr 7 Ni (of Cmmm symmetry, predicted by CE), Cr 5 Ni (also predicted by CE, with Cmmm symmetry), Cr 3 Ni-Z1(100), Cr 5 Ni 2 (of I4/mmm symmetry, also predicted by CE), and Cr 2 Ni-β1(100). The latter is characterized by large positive enthalpy of formation and is less stable than bcc structures with the same composition, see Figs. 3(a) and 5. We find only one alloy configuration on bcc lattice that has small negative enthalpy of mixing, CrNi (predicted by CE, with Cmmn symmetry and H mix = −4 meV/atom).
Comparison between enthalpies of mixing of fcc and bcc Cr-Ni alloys calculated using DFT and CE is given in Fig.  3(a,b) . A full set of ECIs found by mapping the energies of structures from DFT to CE are given in Fig. 4 and Table VIII in Appendix C. Cross-validation errors between DFT and CE are 14.2 and 12.8 meV/atom for fcc and bcc Cr-Ni alloys, respectively. Similarly to fcc Fe-Ni and Fe-Cr alloys, the first and third nearest neighbour (1NN and 3NN) pair interactions in fcc Cr-Ni alloys are positive and the second nearest neighbour (2NN) interaction is negative. Unlike the other two binary systems, the ground state of fcc Cr-Ni alloys is MoPt 2 -like phase. The ECI parameters derived from our DFT calculations and the cross-validation error between DFT and CE are in agreement with those of Ref. 59 . The negative 1NN pair interaction in bcc Cr-Ni system is the strongest of all the binary alloys. Because of that, there is only one bcc intermetallic phase, CrNi, of Cmmn symmetry, which has small negative enthalpy of mixing (−4 meV/atom).
Variation of atomic volume as a function of Ni content in both fcc and bcc structures is more linear than in Fe-Ni and Fe-Cr alloys because magnetic interactions are weaker, see Figs. 3(c-f) . Similarly to Fe-Cr alloys, the difference between atomic volumes of alloys with low and high concentration of Cr is more significant for fcc than bcc lattice. 
E. Fe-Cr-Ni ternary system
The stability of fcc and bcc phases of ternary Fe-Cr-Ni alloys, and the corresponding binary alloys, is defined with respect to bcc Fe, bcc Cr and fcc Ni, as mentioned previously. Enthalpies of formation of Fe-Ni, Fe-Cr and Cr-Ni alloys are shown in Figs. 5(a), 5(b) and 5(c), respectively. The Ni-rich fcc Fe-Ni and Cr-Ni alloys are usually more stable than bcc alloys of similar composition, whereas alloys with smaller Ni content tend to adopt bcc structure. In Fe-Cr alloys, energies of fcc phases are always higher than the energies of bcc structures. Still, meta-stable fcc Fe-Cr structures and interactions between the unlike atoms in fcc Fe-Cr alloys proves critical to understanding chemical ordering in Fe-Cr-Ni alloy system. From the list of ground states associated with each lattice type shown in Figs. 1, 2 and 3, we conclude that there are only four binary fcc phases: FeNi, FeNi 3 , FeNi 8 and CrNi 2 , and only one binary bcc Fe-Cr phase, namely the α-phase, which are the global ground states of the alloys. Enthalpies of formation, volumes and magnetic moments per atom, and space groups of the relevant alloy structures are given in Table III .
Enthalpies of formation of fcc and bcc Fe-Cr-Ni alloys derived from DFT and CE are compared in Fig. 6 . The most stable fcc and bcc structures form convex hulls, shown in Fig. 6 by blue and red surfaces, respectively. The line of intersection between these two surfaces corresponds to the zero Kelvin fcc-bcc phase transition, which occurs as a function of alloy composition. There is no Fe-Cr-Ni ternary alloy configuration on bcc lattice that has negative enthalpy of formation. Fcc alloy structures have negative enthalpy of formation in the Ni-rich limit of alloy compositions. This region of negative enthalpy of formation is elongated along the Fe-Ni edge of the alloy composition triangle. The L1 2 -based fcc Fe 2 CrNi phase, similar to Cu 2 NiZn alloy phase, is the global ground state of Fe-Cr-Ni alloys. The enthalpy of formation, volume per atom, magnetic moments of each atom, as well as the space group of Fe 2 CrNi structure, are given in Table III .
ECIs of ternary fcc and bcc alloys are derived by mapping DFT energies onto CE for 248 fcc and 246 bcc structures, respectively. In CE simulations we used the same set of clusters as in fcc (five two-body, three three-body, two fourbody, one five-body clusters) and bcc (five two-body, two three-body, one four-body, one five-body clusters) binary alloys. Since in ternary alloys each cluster can be decorated by point functions in different ways (see Section II.A and Table I ), the number of ECIs is much larger than the number of clusters taken into consideration. Namely, we have 15 two-body, 16 three-body, 14 four-body, 12 five-body clusters for fcc alloys and 15 two-body, 12 three-body, 6 four-body, 18 five-body clusters for bcc alloys. Values of all the optimized ECIs for ternary alloys are given in Fig.  7 and Table I . Cross-validation errors between DFT and CE are 10.2 and 11.2 meV/atom for fcc and bcc ternary alloys, respectively.
Volumes per atom of fcc and bcc Fe-Cr-Ni ternary alloy structures computed using DFT at 0K are shown in Fig. 8 . Both fcc and bcc alloy configurations exhibit the largest volume per atom in the Cr-rich corner of the diagram. Atomic volume is the smallest in the Ni-rich corner. Difference between the two values is larger for fcc alloys. Atomic volumes of fcc structures exhibit a significant degree of non-linearity as functions of alloy composition. This is explained by the different magnetic behaviour of fcc and bcc alloys, see Figure 9 (a-d), treated as a functions of composition. A relation between fcc-bcc phase stability and magnetic moments of the most stable structures, as well as the discontinuity in the magnitude of the average magnetic moment at the fcc-bcc phase transition line, are illustrated in Fig. 9(e) .
Average magnetic moments of bcc alloys are linear functions of Fe content. Magnetic moments are maximum for the Magnetic moments of each component of fcc and bcc alloys are shown in Fig. 10 . The results show a rapid decrease of magnetic moments on Ni sites as functions of Cr content in fcc alloys (where magnetic moments on Ni sites in alloys containing more than 33% Cr are close to zero). Cr atoms prefer having their magnetic moments ordered anti-ferromagnetically with respect to the Fe and Ni moments. Their magnitudes are larger at low Cr concentration, however even at 25 % Cr content they are still fairly large (-2.44 µ B and -2.53 µ B for Fe 2 CrNi and FeCrNi 2 structures). Because of strong anti-ferromagnetic interactions between Fe and Cr atoms, structures with large magnetic moments on Cr sites also have large magnetic moments on Fe sites (2.09 µ B and 2.31 µ B for Fe 2 CrNi and FeCrNi 2 structures). An exception from this rule is the Fe-rich corner of the diagram, where fcc structures remain anti-ferromagnetic and the mean magnetic moment as well as average magnetic moments of the constituting components are equal or close to zero.
Similarly to fcc structures, magnetic moments of Cr atoms on bcc lattice in the dilute Cr limit order antiferromagnetically with respect to those of Fe and Ni atoms, and their magnitudes decrease rapidly as a function of Cr concentration. For example, magnetic moments of Cr atoms in bcc Fe 2 CrNi and FeCrNi 2 structures are -0.19 µ B and -0.12 µ B . In other words, they are an order of magnitude smaller than those found in fcc alloy structures. Furthermore, Cr-rich structures are not non-magnetic, like they are in the fcc case, but anti-ferromagnetic. Unlike Cr atoms, the magnitudes of magnetic moments on Fe and Ni sites are larger in bcc than in fcc structures. Average magnitudes of moments on Fe sites are larger than 1 µ B for most of the compositions, with the maximum value of 2.94 µ B corresponding to FeCrNi 14 structure in the Ni-rich corner of the diagram. Average magnetic moments of Ni atoms are close to 0 µ B only in bcc Cr-rich Cr-Ni binary alloys. As the Fe content increases, the average magnetic moment of Ni atoms increases, too, reaching the maximum value of 0.86 µ B in the Fe-rich corner, modelled by Fe 14 CrNi structure.
IV. FINITE TEMPERATURE PHASE STABILITY OF FE-CR-NI ALLOYS A. Enthalpy of formation
The finite temperature phase stability of Fe-Cr-Ni alloys was analyzed using quasi-canonical MC simulations and ECIs derived from DFT calculations. MC simulations were performed for 63 different compositions spanning all the binary and ternary Fe-Cr-Ni alloys on a 10% composition mesh for each of the three constituents of the alloy, and additional 12 compositions with Cr and Ni content varying from 5% to 35% and from 25% to 45%, respectively, to increase the composition mesh density in the vicinity of the fcc-bcc phase transition line.
Enthalpies of formation of fcc and bcc alloys corresponding to 300 K, 600 K and 900 K are shown in Fig. 11 . At 300 K, in fcc and bcc alloys there is a large region of concentrations where enthalpies of mixing are negative, indicated in Fig. 11 by a blue colour. The origin of this phenomenon is related to the fact that alloys are decomposed into mixtures of pure elements and intermetallic phases. The negative formation enthalpies of fcc Fe-Cr-Ni alloys are driven mainly by the existence of fcc FeNi, FeNi 3 , FeNi 8 and CrNi 2 binary phases and fcc Fe 2 CrNi ternary phase. In the case of bcc Fe-Cr-Ni alloys this phenomenon is associated primarily with Fe-Cr α-phase and Fe 4 Ni 5 VZn-like phase that is the most stable Fe-Ni phase on bcc lattice. The latter one has not been experimentally observed since it is significantly less stable than the corresponding fcc phases. At 600K and 900K, the regions of negative enthalpy of formation become smaller, however their shrinkage is more significant between 600K and 900K than at lower temperatures. This is related to the fact that most of the intermetallic phases in Fe-Cr-Ni system are ordered at 600K and disordered at 900K, see Table V . This point is discussed in the next subsection in greater detail.
Comparing the formation enthalpies of fcc and bcc alloys, we can identify the fcc-bcc phase transition line as a function of alloy composition, see Fig. 11 . Since in our model vibrational and magnetic contributions at elevated temperatures are not taken into account, the enthalpies of formation derived from MC simulations and shown in Fig.  11 refer to 0K DFT energies of pure Fe, Cr and Ni. While this approximation is valid at relatively low temperatures, at high temperatures it breaks down. For example, pure iron at low temperatures is stable in bcc α-phase, see Table  II , whereas at 1185 K 84 it transforms into the fcc γ-phase, and then back into the bcc δ-phase. In order to investigate the formation enthalpies of alloys at high temperature one should at least take into account the effect of thermal magnetic excitations in Fe. The following correction can then be applied to the formation enthalpies in the high temperature limit. It is proportional to the concentration of Fe and is based on results given in Fig. 2 
where lat = f cc, bcc, E lat (0) and E lat (T ) are the energies of Fe on lat at 0K and at temperature T , E bcc (0) is the energy of bcc ground state of Fe and E GS (T ) is the temperature-dependent energy of the ground state, which is either fcc or bcc. The enthalpies of formation computed in this way for T = 1600K, are compared to experimental data from Refs. 85 and 86 in Fig. 12 . Without the above magnetic correction, the predicted region of negative enthalpies of formation is significantly smaller in comparison with experimental data. However, if the magnetic correction is implemented, predictions agree with experiment very well. The theoretical line dividing the regions with positive and negative enthalpies of formation matches the experimental line shown in Fig. 12 (c) (see also Supplementary Material Part 2 for details). The magnetic contribution to the enthalpy of formation is also important for predicting the position of the fcc-bcc phase transition line. As shown in Figs. 12(a) and 12(b) , the Ni-rich region of stable fcc alloys predicted with this correction applied, is significantly larger and is in much better agreement with the available experimental findings and CALPHAD simulations (see e.g. Fig. 7(a) in Ref. 87 with results at 1573 K).
Phase stability treated as function of temperature was examined by using MC simulations more extensively for one particular composition, Fe 70 Cr 20 Ni 10 , which can be used to investigate properties of austenitic 304 and 316 steels 20 . As shown in Fig. 11 , at 300K, 600K and 900K the Fe 70 Cr 20 Ni 10 alloy belongs to the Fe-rich region of stability of bcc alloys, in agreement with experimental data and CALPHAD simulations (see e.g. Fig. 6 of Ref. 14 referring to 500 • C). At 1600K, with the above magnetic correction applied, fcc alloy is more stable than bcc alloy, and its calculated enthalpy of formation of 0.030 eV/atom, obtained from MC simulations at 1600K, is close to the experimental value of 0.035 eV/atom measured at 1565 K 85 . Since the austenitic stainless steels are formed by rapid cooling from approximately 1323K, we also analyse the phase stability of Fe 70 Cr 20 Ni 10 alloy at 1300K 8, 36 . Similarly to the 1600K case, with the magnetic correction applied, fcc alloys have lower formation enthalpy than bcc alloys. The stability of various magnetic configurations of Fe 70 Cr 20 Ni 10 was analyzed using spin-polarized DFT calculations for the fcc structure with 256 atoms, derived from MC simulations at 1300K. As shown in Table IV , the AFMSL and FM configurations are more stable than the AFMDL configuration, and the formation enthalpies of the two former ones are 0.018 eV/atom and 0.015 eV/atom higher than the value obtained from equilibrium MC simulations at 1300K. Results for the MC-generated structure are compared in Table  IV also with enthalpies of formation of various magnetic configurations performed using fcc SQS with 256 atoms given in Ref. 20 . The energy of the most stable AFMSL configuration on SQS is 0.049 eV/atom higher than the energy of the most stable FM configuration realized on the MC-generated structure, and 0.064 eV/atom higher than the energy evaluated using equilibrium MC simulations at 1300K. Since the MC model with magnetic correction was successfully validated against experimentally observed enthalpies of formation, as described above, one can conclude that SQS-based calculations lead to the overestimation of formation enthalpy for the considered alloy composition. Hence, even at high temperatures, the configurations generated using CE combined with MC simulations describe Fe 70 Cr 20 Ni 10 alloy better than SQS.
B. Order-disorder transitions
There is experimental evidence confirming the presence of chemical order in Fe-Cr-Ni alloys. Bcc alloys at low temperatures segregate, with intermetallic Fe-Cr α-phase representing the only known exception, whereas fcc alloys form austenitic steels exhibiting the formation of chemically ordered phases [22] [23] [24] [25] . Ordering temperatures correspond to inflection points on the energy-temperature curves. Below these temperatures, chemically ordered phases are formed. Table V . Fcc Fe 3 Cr L1 2 phase has the highest ordering temperature of 1550K. This phase is however less stable than the bcc phase with the same composition. Ordering temperatures predicted for FeNi, FeNi 3 and CrNi 2 alloys are in reasonable agreement with experimental data. The highest order-disorder transition temperatures T ord−disord , corresponding to inflection points of energy-temperature curves, above which alloys can be described as disordered, were found using Monte Carlo simulations for the entire range of alloy compositions, and are shown in Fig. 13 . Values of T ord−disord for fcc Fe-Cr-Ni alloys, see Fig. 13 (a) vary non-linearly as functions of composition, exhibiting even some local maxima. A local maximum near FeNi 3 phase is in fact expected since FeNi 3 forms L1 2 phase with relatively high ordering temperature. A local maximum around another experimentally known binary phase, CrNi 2 (MoPt 2 ), can also be recognized in Fig. 13 , however it is not as pronounced as in the FeNi 3 case. Two others maxima are less strongly pronounced. The first one corresponds to fcc alloys with Cr content between 25% and 50% and is not very important for applications since fcc alloys in this composition range are less stable than bcc alloys. More significant is the large region of Cr content from 10% to 50% and Ni content from 0% to 50%, which partially overlaps with the range of stability of austenitic steels. Fig. 13(b) . Hence they are characterized by short range order even at temperatures close to the experimental melting point. The predicted very high orderdisorder temperatures may be overestimated due to the fact that our DFT-based Monte Carlo simulations neglect vibrational and magnetic contributions 89, 90 . Analysis of variation of predicted T ord−disord as functions of alloy composition confirms the experimentally observed reduction of atomic ordering in (FeNi 3 ) 1−x Cr x alloys annealed at 486
• C (=759K) as a function of Cr content in the composition interval from x=0.0 to 0.17 25 . The values of T ord−disord obtained from MC simulations for FeNi 3 and (FeNi 3 ) 0.8 Cr 0.2 alloys are 950K and 750K, respectively. Alloys with lower Cr content have order-disorder transition temperature significantly higher than the annealing temperature used in the above experiments 25 . Values of T ord−disord in alloys with high Cr content are lower than the above annealing temperature.
C. Short-range order parameters
Chemical order in alloys is characterized by the Warren-Cowley short-range order parameters, α are in excellent agreement with experimental observations. The calculated SRO parameter for Fe and Cr atoms is negative, in agreement with experimental observations, although the magnitude of this parameter predicted by calculations is larger. This again may be due to the fact that vibrational and magnetic contributions were neglected 89 . The effect of lattice vibrations on ordering in bcc Fe-Cr system was noted in Refs. 32, 72, and 90.
The effect of Cr on SRO in Fe-Cr-Ni alloys was analyzed, using MC simulations, for three compositions Fe 42.5 Cr 7.5 Ni 50 , Fe 38 Cr 14 Ni 48 and Fe 34 Cr 20 Ni 46 , which are the compositions investigated experimentally in Ref. 24 . As expected, the absolute values of SRO parameters increase with decreasing temperature for both 1NN and 2NN (see Table  VII ). All the 2NN SRO parameters are positive for these three alloys. α 
Values of α (F e,Cr)−N i 1 defined in this way and calculated using MC simulations at 1300K are in excellent agreement with experimental observations for an alloy sample quenched rapidly from 1323K. Despite the fact that experimental measurements for samples irradiated at 583K cannot be directly compared with MC simulations at 600K, experimental observations of the more pronounced chemical order in Fe 34 Cr 20 Ni 46 sample irradiated at 583K in comparison with Fe 38 Cr 14 Ni 48 sample are in agreement with our predictions.
Atomic ordering in Fe-Cr-Ni alloys can be explained by analysing interactions between pairs of Fe-Cr, Fe-Ni and Cr-Ni atoms, V ij n . They were derived from the two-body effective cluster interaction parameters for fcc and bcc Fe-Cr-Ni alloys listed in Table I . Assuming that many-body interactions are small, we find that V ij n are related to J (s) 2,n and can be calculated using Eq. 18. V are correspondingly smaller and larger in ternary alloys in comparison with binary alloys) and the relatively large 2NN effective interaction between these atoms explains also the pronounced atomic ordering in the majority of fcc Fe-Cr-Ni alloys.
The sign pattern of the first three nearest-neighbour chemical pairwise interactions in all the binary and ternary fcc alloys remains the same. The first and third nearest-neighbour (3NN) pair interactions are positive and the second nearest neighbour interaction is negative. This favours the unlike atoms occupying the 1NN and 3NN coordination shells, and the like atoms occupying the 2NN shell, see the Eq.19. Such pattern of signs of NN interactions favours not only intermetallic L1 2 and MoPt 2 -like phases, which occur in fcc binary alloys, but also the L1 2 -based (Cu 2 ZnNi-like) Fe 2 CrNi ternary phase, which is the global ground state of ternary Fe-Cr-Ni alloys. 
V. FINITE TEMPERATURE MAGNETIC PROPERTIES OF FE-CR-NI ALLOYS
Using the DFT database developed above and Magnetic Cluster Expansion (MCE), we now investigate how magnetic properties depend on temperature, and how magnetism affects the phase stability of Fe-Cr-Ni ternary alloys. MCE has been successfully applied to a number of binary systems, including bcc and fcc Fe-Cr 1), spanning the entire concentration range, together with the data on pure elements. Parametrization was also based on 29 binary fcc Fe-Ni configurations used in a recent application of MCE to fcc Fe-Ni 64 . To simplify applications of MCE to ternary alloys and to reduce the number of fitting parameters, we use an MCE Hamiltonian that includes only pairwise interactions. In this approximation, the energy of an arbitrary alloy configuration ({σ i } , {M i }) can be written in the Heisenberg-Landau form as follows
where σ i , σ j = Fe, Cr and Ni, and the non-magnetic and Heisenberg magnetic interaction parameters I ij and J ij for each coordination shell are represented by 3×3 matrices. We take into account interactions that extend up to the fourth nearest neighbour coordination shell. In all, there are 24 independent non-magnetic and 24 independent magnetic interaction parameters. At the first stage of fitting, the on-site magnetic terms A, B, C,... were fitted using, as input, the curves of energy versus magnetic moment in the ferromagnetic states of pure Fe, Ni, and Cr. For chromium, only quadratic and quartic terms were used, while for iron and nickel the Landau expansion was extended up to the 8 th -order in magnetic moment 64 . Dependence of on-site terms on the atomic environment was neglected in order to reduce the number of parameters in the Hamiltonian. Following the established procedure 64 , interaction terms I and J were fitted using the DFT data on total energies and magnetic moments on each site in the simulation cell. Most of the alloy structures used for parametrizing the Fe-Cr-Ni MCE Hamiltonian (Eq. 24) belonged to the Fe-rich corner of the ternary alloy composition triangle. Hence we expect that MCE predictions are going to be most reliable for alloys where Fe content exceeds 50 at.%. Monte Carlo MCE simulations were performed using a 16384 atom simulation cell (16×16×16 fcc unit cells). As an example of application of MCE to modelling low-temperature magnetic properties of a ternary alloy, we investigated how the total magnetic moment of disordered (Fe 0.5 Ni 0.5 ) 1−x Cr x alloy varies as a function of Cr content. We noted in III.E that the average magnetic moment of the alloy decreases rapidly with increasing chromium concentration. In MCE Monte Carlo simulations, ordered FeNi alloy with L1 0 structure was chosen as the initial alloy configuration. Magnetic moment per atom in this structure was found to be 1.61 µ B , close to the DFT value of 1.63 µ B . Chromium content was then varied by replacing equal numbers of Fe and Ni atoms in their sublattices with Cr atoms, with positions of chromium atoms chosen at random. Figure  17 shows the predicted variation of magnetic moment in the resulting alloy at low temperatures. With increasing Cr content, magnetization rapidly decreases, resulting in a completely non-magnetic system at x Cr =0.4, in agreement with ab initio results of Section III.E, also illustrated in Figure 17 .
While random alloy with composition Fe 50 Cr 25 Ni 25 is almost completely anti-ferromagnetic, ordered alloy of the same composition has non-vanishing total magnetic moment. At low temperature, magnetic moments are collinear, with Cr moments being antiferromagnetically ordered with respect to Fe moments and having almost the same magnitude, while magnetic moments of Ni atoms are much smaller and ferromagnetically ordered with respect to the Fe moments. Finite temperature magnetic properties are investigated using Monte Carlo simulations performed using large simulation cells. Magnetic moments of each of the three components of ordered Fe 2 CrNi alloy, treated as functions of temperature, are shown in Figure 18 . Their values at low temperature are in reasonable agreement with DFT, for example magnetic moments of Fe, Cr and Ni obtained from MCE simulations are 2.7, -2.2 and 0.37 µ B , whereas DFT predictions are 2.08, -2.44 and 0.15 µ B , respectively. Table III provides further details. The alloy remains magnetic up to very high temperatures close to 1000 K. The effect is similar to that found in fcc Fe-Ni, where chemically ordered FeNi 3 alloy has higher Curie temperature than pure Ni. In the ternary Fe 2 CrNi alloy, the highly stable ferromagnetic structure owes its stability to strong anti-ferromagnetic interactions between (Fe, Ni) and Cr atoms. In summary, in this section we described applications of Magnetic Cluster Expansion to ternary alloys. Although the parametrization of MCE Hamiltonian involved a number of approximations, MCE predictions are in good agreement with the low temperature DFT data. In the high temperature limit, Monte Carlo simulations show that interplay between chemical and magnetic degrees of freedom gives rise to high Curie temperature of ordered Fe 2 CrNi alloy. Further improvement in the accuracy of MCE model is expected to provide means for investigating temperaturedependent magnetic and configurational order over the entire range of alloy compositions. 
VI. CONCLUSIONS
We have systematically investigated fcc and bcc phase stability of ternary magnetic Fe-Cr-Ni alloys, using a combination of first-principles DFT calculations and Monte Carlo simulations, involving both conventional and magnetic cluster expansions. Detailed derivation of a general expression for the CE enthalpy of mixing is given for a ternary alloy system, where average cluster functions are defined as products of orthogonal point functions. An explicit analytical relationship between chemical SRO and effective pair-wise interactions, involving different species, is established and applied to the exploration of SRO properties of Fe-Cr-Ni alloys and interpretation of experimental data. Using a DFT database of 248 fcc and 246 bcc structures, we explored fcc and bcc phase stability of this ternary alloy system. Effective cluster interactions parameters for fcc and bcc binaries and ternaries have been derived and cross-validated against DFT data. Strong deviations from Vegard's law for atomic volumes treated as functions of alloy composition stem from magnetic interactions. The predicted average total and local magnetic moments treated as functions of Ni concentration in the ground-state bcc and fcc structures of Fe-Ni alloys are in good agreement with experimental data. Calculations not only identify ground-state structures of the three binary alloys, but also predict new fcc-like Fe 2 CrNi compound as the most stable ground-state ternary intermetallic system with negative enthalpy of formation of -0.164 eV/atom and the lowest ordering temperature of 650K. Both DFT and MCE simulations show that the phase stability of Fe 2 CrNi structure is primarily determined by strong anti-ferromagnetic interactions between Fe and Ni atoms with Cr atoms. Enthalpies of formation were evaluated to identify the relative phase stability of ternary fcc and bcc phases at various temperatures. Excellent agreement between calculations and experimental data on enthalpies of formation at 1600K shows that magnetic contribution to the excess free energy plays an important part in correcting the deficiencies of conventional CE treatment of Fe-Cr-Ni alloys. We have calculated the Warren-Cowley short range order parameters at different ordering temperatures and found good agreement with experimental data on binary and ternary alloys. Particular attention has been devoted to Fe 56 Cr 21 Ni 23 , Fe 38 Cr 14 Ni 48 and Fe 34 Cr 20 Ni 46 alloys corresponding to the centre of the composition triangle, to rationalize how SRO varies in Fe-Cr, Fe-Ni and Ni-Cr binary alloys at various temperatures. The fact that the SRO parameter decreases significantly for Fe-Ni pairs as a function of Cr concentration agrees with experimental observations. This important aspect of alloy thermodynamics is also related to the fact that interaction between Cr and both Fe and Ni is strongly anti-ferromagnetic, explaining large negative values of SRO predicted for Fe-Cr and Ni-Cr atomic pairs.
The above study provides a starting point for the treatment of thermodynamics of Fe-Cr-Ni, involving chemical and magnetic interactions in this traditionally important but very complex ternary alloy system. By comparing MC configurations generated using effective cluster interactions with those created by the SQS method, we are able to demonstrate that the former are energetically more stable for all the magnetic structures considered here, as illustrated by the case of Fe 70 Cr 20 Ni 10 alloy. This provides information needed for choosing structures for modelling point defects in ternary alloys, where defect structures are sensitive not only to the average alloy composition but also to the local chemical and magnetic environment of a defect site 31, 98, 99 .
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